The positive-energy unitary irreducible representations of the q-deformed conformal algebra C q = U q (su(2, 2)) are obtained by appropriate deformation of the classical ones. When the deformation parameter q is N -th root of unity, all these unitary representations become finitedimensional. For this case we discuss in some detail the massless representations, which are also irreducible representations of the q-deformed Poincaré subalgebra of C q . Generically, their dimensions are smaller than the corresponding finite-dimensional non-unitary representation of su(2, 2), except when N = 2, h = 0 and N = 2|h| + 1, where h is the helicity of the representations. The latter cases include the fundamental representations with h = ±1/2.
1. The positive energy unitary irreducible representations (UIRs) of the conformal algebra su(2, 2) of four dimensional Minkowski space are certainly of physical relevance. They are given in Ref. [1] . In this letter we consider the q-deformed conformal algebra C q ≡ U q (su(2, 2)) [2] and present the q-analogs of the UIRs of [1] .
For generic complex q, the positive energy UIRs V q of C q are deformations of the respective representations of su (2, 2) . Here, our considerations amount to an introduction of the correct scalar product in the representations V q . It turns out that we can use the same scalar product as for the undeformed representations. However, we have to extend the hermitian conjugation used in [1] to a hermitian conjugation of the complexification U q (sl(4, C)) of U q (su (2, 2) ). For |q| = 1, this is done in Section 3.
When the deformation parameter q is a root of unity, the picture of the representations changes drastically. All irreducible representations of U q (su(2, 2)), as inherited from U q (sl(4, C)), are finite-dimensional. In Section 4 we give a list of the positive energy UIRs. We emphasize that, unlike the classical case, these unitary representations are finitedimensional. We discuss in more detail the massless finite-dimensional representations of C q ; these are also UIRs of the q-deformed Poincaré subalgebra of C q .
2.
The physically relevant representations of the 4-dimensional conformal algebra su(2, 2) may be labelled by χ = [j 1 , j 2 , d], where 2j 1 , 2j 2 are non-negative integers fixing finite dimensional irreducible representations of the Lorentz subalgebra so(3, 1), and d is the conformal dimension (or energy). We would like to label the representations of U q (su (2, 2) ) by the same set of indices χ and because of this we shall use the q-deformed conformal algebra U q (su(2, 2)) (cf. [2] ) which has the q-deformed Lorentz algebra U q (so(3, 1)) as a Hopf subalgebra. Since U q (su(2, 2)) is a real from of U q (sl(4, C)) we need first to recall the latter deformation.
The q-deformation U q (sl(4, C)) of the universal enveloping algebra U(sl(4, C)) is defined [3, 4] as the associative algebra over C with Chevalley generators X ± j , H j , j = 1, 2, 3 and with relations :
[X
where
, is the Cartan matrix of sl(4, C); α 1 , α 2 , α 3 are the simple roots; the non-zero products between the simple roots are: (α j , α j ) = 2, j = 1, 2, 3, (α 1 , α 2 ) = (α 2 , α 3 ) = −1. The non-simple positive roots are : α 12 = α 1 + α 2 , α 23 = α 2 + α 3 , α 13 = α 1 + α 2 + α 3 . The elements H j span the Cartan subalgebra H while the elements X ± j generate the subalgebras G ± . The algebra U q (sl(4, C)) is a Hopf algebra [5] with co-multiplication δ, co-unit ε (homomorphisms) and antipode γ (antihomomorphism) defined on the generators as follows [3, 4] :
The Cartan-Weyl basis for the non-simple roots is given by (cf. [4, 6] ):
All other commutation relations and Hopf algebra relations for the generators in (3) follow from these definitions. Let us consider the conformal algebra su(2, 2) ∼ = so(4, 2). It has 15 generators
where η AB = diag(− − − − ++). Since su(2, 2) is the conformal algebra of 4-dimensional Minkowski space-time we use a deformation [2] consistent with the subalgebra structure relevant for the physical applications. These subalgebras are: the Lorentz subalgebra so(3, 1) generated by Y µν , µ, ν = 1, 2, 3, 0, the subalgebra of translations generated by P µ = Y µ5 + Y µ6 , the subalgebra of special conformal transformations generated by K µ = Y µ5 − Y µ6 , the dilatations subalgebra generated by D = Y 56 . For a deformation of su(2, 2) one uses the expressions for its generators as complex linear combinations of the generators of its complexification sl(4, C) compatible with the reality structure. The deformation U q (su(2, 2)) introduced in [2] uses essentially the same linear combinations as in [1] (cf. (2.21)) and we omit these explicit expressions for the lack of space.
3. In this section we consider the representations of C q = U q (su(2, 2)) in the generic case when the deformation parameter is not a root of unity. In this case the representations of C q we use are irreducible lowest weight modules M χ (in particular, Verma modules V χ ) of U q (sl(4, C)) together with the reality condition necessary for the construction of the scalar product in M χ (or V χ ). We use the standard decomposition G = sl(4, C) = G + ⊕H⊕G − , where H and G ± were introduced in Section 2. A lowest weight module M χ of U q (sl(4, C)) is given by its lowest weight Λ χ ∈ H * (H * being the dual of H) and lowest weight vector v 0 ≡ v 0 (χ), such that v 0 is annihilated by the lowering generators, Xv 0 = 0, X ∈ U q (G − ), and Hv 0 = Λ χ (H)v 0 for any Cartan generator H.
In particular, we use the Verma modules V χ which are the lowest weight modules such that
Thus the Poincaré-Birkhof-Witt theorem tells us that the basis of V χ consists of monomial vectors
where X + j ≡ X + jj and X + jk are the six raising generators of sl(4, C) (cf. Section 2). In order to consider V χ as a representation of the real form it is not enough to express the generators of U q (sl(4, C)) as linear combinations of generators of U q (su(2, 2)). We have to introduce, as in the q = 1 case, a hermiticity condition invariant with respect to U q (su(2, 2)). Such a condition is well known in the undeformed case and is given by (cf. [1] (4.8)):
The problem in the q-deformed case is to extend this conjugation to U q (sl(4, C)) as an anti-linear anti-involution thus making U q (sl(4, C)) a * -Hopf algebra. For this extension it is enough to postulate (6) for the simple root vectors and the corresponding Cartan subalgebra elements, i.e., for X ± k ≡ X ± kk and H k for k = 1, 2, 3. Then (6) follows for the non-simple root vectors. Indeed, take for example X
Then we have (iff |q| = 1):
The same considerations go for the other non-simple root vectors. For the other commutation relations ω acts as an anti-linear anti-involution. Finally one can check that ω is an anti-linear coalgebra anti-involution. Thus U q (sl(4, C)) is a * -Hopf algebra with |q| = 1. As in the undeformed case, the conjugation ω will be used to introduce a U q (su(2, 2))-invariant scalar product, i.e., a scalar product such that the generators X of C q are skew hermitian. As in the undeformed case (cf. [1] (2.17)) it is convenient to make a basis transformation so that the generators of C q obey: ω(X) = −X. A set of such generators is given by: (12), (23), (13) .
(7)
In particular, the conformal Hamiltonian H 0 [1] is given in the two bases (4) and (7) by:
For the scalar product of two vectors of the form (5) we take, as in [1] ,
with (v * 0 , v 0 ) = 1. (Note that (9) is an adaptation of the classical contravariant Schapovalov form.) Calculation of (9) is performed in the standard manner by moving the lowering (raising) generators to the right (left) where they annihilate v 0 (v * 0 ). Finally, the result is some polynomial in Λ χ (H j ). Thus we have to specify how Λ χ (H) is fixed by the representation χ which we take as in [1] , i.e. we have
Note that our generators H 1 , H 2 , H 3 correspond to 2H 1 , H 0 −H 1 −H 2 , 2H 2 , respectively, of [1] . In particular, using (8) we see that d is the eigenvalue of the conformal Hamiltonian H 0 ; hence d is called the conformal energy (or dimension). Given the scalar product (9), we have to determine whether it provides an UIR of U q (su (2, 2) ). It is clear that the conditions on j 1 , j 2 and d will be the same as in [1] , and below we specify precisely the UIR spaces applying new results in the representation theory of Verma modules ( [6] and references therein).
Generically, the Verma modules V χ are irreducible. A Verma module V χ is reducible [6] iff there exists a positive root α and a positive integer m α such that the following equality holds
where H α is a linear combination of
and ρ is half the sum of positive roots; note that ρ(H k ) = 1. For the six positive roots of the root system of sl(4, C), one has (see Ref. [7] ):
Whenever (11) is fulfilled there exists a singular (null) vector
To obtain an irreducible lowest weight module we have to factor out all singular vectors. First of all, we have that m 1 and m 3 are positive, since 2j 1 and 2j 2 are nonnegative integers. The corresponding singular vectors are
and these are present for all representations we discuss. Next, it is clear that depending on the value of d there may be other singular vectors. Since we are interested in the positive-energy UIRs, we recall the list of these representations for su(2, 2) [1]:
As we have already said, the same list is valid for U q (su(2, 2)). In case 1) there are no additional singular vectors. If d = j 1 + j 2 + 2, which is case 2) and is also possible in case 3), then m 13 = 1 and there is an additional singular vector:
where 4. In this section we consider the case where the deformation parameter is a root of unity, namely, q = e 2πi/N , N = 2, 3, . . . In this case all Verma modules V χ are reducible [6] and all irreducible representations are finite dimensional [8] . There are singular vectors for all positive roots α [6] . Condition (11) also has more content now because if (Λ χ − ρ)(H α ) = −m ∈ Z, then (11) will be fulfilled for all m + kN , k ∈ Z. In particular, there will be an infinite series of positive integers m such that (11) is true [6] . For identical reasons, there is an infinite number of lowest weights Λ χ such that (11) is satisfied for the same set of positive integers m = m α .
Let us take a representation such that for each simple root α (11) is satisfied with a positive integer m = m α ≤ N . Then the three numbers m 1 , m 2 , m 3 which characterize the representation V χ will be
where {x} N is the smallest positive integer equal to x (mod N ); thus we have m k ∈ N and 0 < m k ≤ N , k = 1, 2, 3.
The weights χ such that (17) is satisfied are divided into six classes [9] 
These representations inherit all the structure from their U q (sl(4, C)) counterparts. Thus the classification of the unitarizable lowest weight representations of U q (su(2, 2)) proceeds as follows. Imposing the conditions of positive energy UIRs (14), we see that cases 1), 2), 3) are in one to one correspondence with the finite dimensional representations of U q (sl(4, C)) for q N = 1 and all possibilities listed in (18) are admissible. The same list of representations is valid for U q (su(4)).
The classification of the massless case 4) of (14) is more interesting since not all cases in (18) are admissible. Since j 1 j 2 = 0, let us choose for definiteness j 2 = 0. Then from (17) we have
Therefore the admissible cases are (18d) when j 1 = 0, and (18e) when j 1 = 0. For the dimension d(N, J 1 ) of these representations we have, adapting a result of Ref. [9] ,
where J 1 is such that 2J 1 + 1 = (2j 1 + 1) (mod 2N ) and 1 ≤ 2J 1 + 1 ≤ N . We recall that in the classical case the massless unitary representations are infinite-dimensional.
However, we may compare our representations with the undeformed non-unitary finitedimensional representations which have the same quantum numbers (m 1 , m 2 , m 3 ) = (2J 1 + 1, N − 2J 1 , 1). We note that the dimension of the former is generically smaller than the dimension of the latter, which is given by
These two dimensions can coincide only in the exceptional cases N = 2, J 1 = 0, d(2, 0) = d c = 6 and N = 2J 1 + 1 where we have
Until now we have discussed the case j 2 = 0, j 1 ≥ 0. The other case, j 1 = 0, j 2 ≥ 0, is obtained trivially from this. In fact, if we introduce the helicity h = j 1 − j 2 , then all the formulae above may be written in terms of |h|; in particular, for the exceptional case N = 2|h| + 1 we have (cf. (22)):
We give now some explicit examples to illustrate the above classification. Take the massless case d = j 1 + 1, j 2 = 0, and consider the three examples j 1 = 1/2 and j 1 = 1 for N = 3, and j 1 = 1/2 for N = 2.
• N = 3, j 1 = 1/2, q = e 
The sixteen basis states are the vacuum | and
One can explicitly check that the norms with respect to the U q (su(2, 2))-invariant scalar product are positive (in fact, are all equal to 1). All other vectors have zero-norm and are decoupled from the representation. The same happens in the other two examples below.
• N = 3,
In this case one has: m 
The ten states spanning this representation are given by the vacuum | and
Also in this case one can explicitly check that the norms with respect to the U q (su(2, 2)) invariant scalar product are all equal to unity.
• N = 2,
This is a q-deformation of the fundamental representation. According to (19) and (22) 
and all have unit norm. In this case one can easily work out the 4 ×4 matrices representing the generators of U q (sl(4, C)). With 
Note that in this basis the anti-linear anti-involution ω (cf. (6)) is represented by matrix hermitean conjugation. The matrix form of the skew -hermitean generators of U q (su(2, 2)) can be easily obtained from the above expressions with the help of Eq. (7). One can now explicitly check that this representation of U q (su(2, 2)) is unitary.
As a final remark, we note that it may be possible to apply the finite dimensional UIRs given above to the theory and classification of elementary particles. This is suggestive because there is a simple relation between the four × four representation given above and the fundamental representation matrices of su(4) (e.g. [10] ).
